Abstract. We classify isometric actions of compact Lie groups on quaternionic-Kähler projective spaces with vanishing homogeneity rank. We also show that they are not in general quaternion-coisotropic.
Introduction
Let M be a smooth manifold endowed with a smooth action of a compact Lie group G. We denote by c(G, M ) the cohomogeneity of the action, i.e. the codimension of the principal orbits in M, and by H a principal isotropy subgroup. In [6, p. 194] Bredon proved the following inequality for the dimension of the fixed point set of a maximal torus T in G:
T is nonempty. Drawing on this fact, Püttmann introduced in [19] the homogeneity rank of (G, M ) as the integer hrk(G, M ) := rk G − rk H − c(G, M ).
In this paper we are interested in studying actions on quaternionic projective spaces and there are at least two reasons to consider actions with vanishing homogeneity rank. A first motivation comes from the following proposition which can be deduced from [19] . (such an action is said to be coisotropic). If further M is compact and admits a G-invariant ω-compatible complex structure J, then (M, ω, J) turns out to be a projective algebraic spherical variety, that is the Borel subgroup of G C has an open orbit in M (see [10] ). Coisotropic actions on symplectic and Kähler manifolds have been extensively studied starting from [8] and have been classified on Hermitian symmetric spaces in [18] , [4] and [3] . Linear actions with vanishing homogeneity rank have been considered by several authors: the classification in the complex case can be deduced from [11] and [5] , (while absolutely irreducible real representations with vanishing homogeneity rank of compact Lie groups have been classified in [7] ).
It is therefore rather natural to look for relations analogous to those found in the complex/symplectic framework in the quaternionic setting. Let M be a quaternionic Kähler manifold with positive scalar curvature and Z ⊂ End T M its twistor space. We say that a submanifold N of M is quaternioncoisotropic if for every p ∈ N and J ∈ Z p we have J(T p N ) ⊥ ⊆ T p N . The reason to consider the previous definition is the fact that the principal orbits of polar actions on compact symmetric quaternionic-Kähler manifolds are indeed quaternion-coisotropic [21] (in the same way as polar actions on Kähler manifolds have coisotropic principal orbits [17] ). A first result of this paper is an example of an action on the quaternionic projective space with vanishing homogeneity rank which is not quaternion-cosotropic (Example 3.1). We further determine in our main theorem all the compact Lie subgroups of Sp(n) acting with vanishing homogeneity rank on the quaternionic projective space in the following Theorem 1.2. Let ρ : G → Sp(V ) be a n-dimensional quaternionic representation of a compact connected Lie group. Then ρ induces a minimal vanishing homogeneity rank action of G on P H (V ) ≃ HP n−1 if and only if one of the following is satisfied:
(1) G = Sp(1) n−1 and ρ = ρ s ⊕ . . . ⊕ ρ s ⊕ 1, where ρ s : Sp(1) → Sp(H) is the standard representation and 1 is the trivial representation on H; (2) G = H × Sp (1) r and ρ = σ ⊕ ρ s ⊕ . . . ⊕ ρ s , where σ : H → Sp(W ) is one of the following 4(n − r)-dimensional quaternionic representation:
W ⊗ H H is orbit equivalent to the isotropy representation of a quaternionic-Kähler symmetric space;
Note that many of these actions turn out to be non polar. The paper is organized as follows. In Section 2 we prove several lemmas about the homogeneity rank necessary for the proof of the main theorem. Results about polar actions on Wolf spaces and an example of a vanishing homogeneity rank action which is not quaternion-coisotropic are provided in Section 3, while Section 4 is devoted to the classification actions on HP n−1 with vanishing homogeneity rank.
Finally in the appendix one can find some tables we refer to in the course of the classification. Most of them are taken from [12] .
Homogeneity rank of compact Lie group actions
In this section we are going to prove several results about the homogeneity rank which will be useful in the classification of actions with vanishing homogeneity rank on quaternionic projective spaces. On the other hand these statements have an autonomous interest since they hold in general for actions of compact Lie groups.
The following lemma allows us to by-pass (sometimes) the computation of the principal isotropy subgroup. Proof. Since the action of G on M is proper, it is known that at every point the slice representation has the same cohomogeneity as that of the action of G on M . Let Σ be the slice for the action at p. Let q ∈ Σ be principal both for the G-action on M and the G p -action on Σ (which is equivalent to the slice representation).
and the conclusion follows. The last statement is a consequence of the well known fact that the homogeneous space G/G p has positive Euler characteristic if and only if rk G = rk G p .
The following is an obvious but important property of the homogeneity rank which is a consequence of [7, Proposition 2] .
Proof. Let v i be a principal point of (G, V i ) for i = 1, 2. Denote by O i = G/H i the corresponding orbits.
Now consider the action of
is the original action and U is a trivial G-module of dimension c(G, V 1 ). Now (v 2 , 0) is obviously principal for the slice representation, so that a principal isotropy subgroup H of (G,
Another important tool in the classification carried out in Section 4 will be the following proposition which generalizes, in the case of positive Euler characteristic, the Restriction Lemma given in [10] for complex G-stable orbits of Hamiltonian isometric actions on compact Kähler manifolds. |U (y) ⊂ U has non-empty intersection with M princ . Now consider the action of G y on F and take x ∈ F such that (1) x ∈ M princ ; (2) x is principal for the action of G y on F .
Since the action of G y on F ∼ = ν M (Y ) y is linear, the homogeneity rank of this action is non-positive ( [19, 
Thus we can compute
0. On the other hand the positive Euler characteristic of Y obstructs actions with positive homogeneity rank (Proposition 1.1) and the claim follows.
In the case of the quaternionic projective space we deduce also the following useful consequence Corollary 2.4. Let G 1 and G 2 be closed subgroups respectively of Sp(n 1 ) and Sp(n 2 ). Assume that the action of
Proof. Simply take two non-zero vectors v 1 and v 2 respectively in H n1 and H n2 and consider the orbits 
Quaternion-coisotropic actions and the vanishing of homogeneity rank
In order to introduce the right notion of "coisotropic" actions in the quaternionic setting, it is necessary to fix some notation. Let (M, g) be a Riemannian manifold and ∇ its Levi-Civita connection. A quaternionic-Kähler structure on M is a ∇-parallel rank 3 subbundle Q of End T M , which is locally generated by a triple of locally defined anticommuting g-orthogonal almost complex structures (J 1 , J 2 , J 3 = J 1 J 2 ). Recall that a quaternionic-Kähler manifold is automatically Einstein, hence if its scalar curvature is positive it is automatically compact. Here we consider only positive quaternionic-Kähler manifolds. A submanifold N of M will be called quaternion-coisotropic if for every p ∈ N and
Trying to seek the analogy with the symplectic context, it is rather natural to consider the following situation.
quaternionic-Kähler manifold. We say that the action of a compact Lie group of isometries of M is quaternion-coisotropic if the principal orbits are quaternion-coisotropic submanifolds of M .
Recall that an isometric action of a compact Lie group G on a Riemannian manifold M is said to be polar if there is an embedded submanifold Σ (a section) which meets all principal orbits orthogonally. In [21] it is proved, using the classification results of [17] and [13] Note that the missing case (this including a trivial module) is easily seen to be quaternion-coisotropic. In spite of these analogies, the parallel with the symplectic setting does not go further, indeed we have the following
It is not hard to see that, for k 3, the Lie algebra of principal isotropy subgroup is isomorphic to u(k −2)⊕u(n−k −2) whence the cohomogeneity of the action is 4 and the homogeneity rank vanishes. Suppose now that the principal orbits are quaternion-coisotropic and consider the lifted action of G on the twistor space Z = CP 2n−1 . In general, when we lift an isometric action with hrk = 0 of a compact Lie group on a positive quaternionic-Kähler manifold, three cases may occur according to the cohomogeneity of the action of a principal isotropy subgroup G p on the twistor line Z p ≃ CP 1 : 
The action of G p on Z p has cohomogeneity one. Again, if z is principal for the G p -action on Z p , then it is principal for the G-action on Z. Furthermore the homogeneous fibration
by a dimensional computation we obtain that also in this case the G-action on Z is coisotropic.
(3) The connected component of the identity of G p acts trivially on Z p . In this case the G-action on Z is no more coisotropic.
One easily verifies that in our case the homogenity rank of the lifted action is −2, that is the G-action on Z is not coisotropic. This implies that the connected component H of G p acts trivially on the twistor line Z p ≃ CP 1 . Now denote by ν the normal space to the G-orbit at p which is acted on trivially by H. On the other hand, if J 1 , J 2 , J 3 are three generators of the algebra Q p , these are fixed by H thanks to the argument above. Thus H pointwisely fixes the three 4-dimensional mutually orthogonal subspaces J 1 ν, J 2 ν and J 3 ν of T p G · p. But this is impossible since we claim that a subspace of T p G · p fixed by H has dimension 8. Indeed in correspondence to a principal point we have the following reductive decomposition:
Hence we can identify the tangent space to the principal orbit with
Then H fixes the two copies of u (2), thus has dimension 8, as claimed.
Actions with vanishing homogeneity rank on HP
The entire section is devoted to prove Theorem 1.2. In order to achieve the classification, the following remark will be useful. Let G be a compact Lie group acting by isometries on a compact quaternionic-Kähler manifold M . If G ′ is a closed subgroup of G acting on M with hrk(G ′ , M ) = 0, the same is true for G. Indeed every compact quaternionic-Kähler manifold has positive Euler characteristic (see [14, Theorem 0.3] ). As already observed this forces the homogeneity rank to be nonpositive. But hrk(G ′ , M ) hrk(G, M ), by [7, Proposition 2] . Thus it is natural to say that a G-action with vanishing homogeneity rank on a manifold M is minimal if no closed subgroup G ′ of G acts on M with vanishing homogeneity rank.
From now on we fix M = HP n−1 = Sp(n)/Sp(1)Sp(n − 1). Since the identity component of Iso(HP n−1 , g) is Sp(n), we go through all the closed subgroups of it, starting from the maximal ones and then analysing only the subgroups of those giving rise to vanishing homogeneity rank actions.
We proceed, in some sense, by strata: the first level is made by the maximal connected subgroups of Sp(n) listed in Table 3 in the appendix, then we pass to the maximal connected subgroups of the groups of the previous level and so on. Before starting the classification we make two remarks:
(1) Cohomogeneity one G-actions on M (with positive Euler characteristic) have automatically hrk(G, M ) = 0. Indeed in this case rk G − rk G princ 1
and cannot be zero since otherwise the homogeneity rank would be odd which is impossible since M has even dimension. (2) A necessary dimensional condition for an action of G on M to have vanishing homogeneity rank is that
Finally in order to clarify our procedure we make one more observation. When considering the irreducible representations of simple Lie groups one must often check the dimensional condition (4.1) or a variation of it. This is made easier by the fact that if (c 1 , . . . , c n ) are the coefficients of the maximal weights of the representation of a rank n simple Lie group, then the function 4.1.1. G = U(n). The action of U(n) on HP n−1 , has cohomogeneity 1, thus has vanishing homogeneity rank.
These subgroups act by cohomogeneity 1 on HP n−1 , thus hrk = 0.
. For q 2 we can compute the slice representation at the quaternionic line ℓ spanned by a pure element of
where U can be seen as the 3-dimensional vector space of the imaginary quaternions on which Sp(1) acts by conjugation (see [12, p. 590] (4), thus it is polar by Theorem 3.2. To determine whether it has vanishing homogeneity rank or not we have to distinguish according to the parity of p. If p is odd the G-orbit of ℓ has positive Euler characteristic, the slice representation at ℓ is real and appears in the list of [7] since it is orbit equivalent to the isotropy representation of the real Grassmannian of 3-planes in R p+2 . Thus it has vanishing homogeneity rank. When p is even, at the first step the slice is given by R p−1 ⊗ U and with easy computations we find that the principal isotropy is h princ = sp(p − 4), c = 3 hence hrk = 0.
G = ρ(H) with ρ complex irreducible representation of quaternionic type of the simple Lie group H.
In this case the dimensional condition that should be satisfied becomes dim H + rk H 2 deg ρ − 4. Going through all the representations of this type, and using the argument referred to at the beginning of Section 4, the following cases remain:
(1) the representation of SU(6) on Λ 3 C 6 ;
(2) the representation of Sp(3) with maximal weight (0, 0, 1); (3) the spin representation of Spin (11); (4) the two half-spin representations of Spin (12); (5) the standard representation of E 7 on C 56 .
(6) the standard representation of SU(2);
Except for SU (2) , that gives rise to a homogeneity rank zero action, since it has cohomogeneity one on HP 1 ≃ S 4 , the other cases can be treated using the fact that all of them admit a totally complex orbit (see [2] and also [1] ). These totally complex submanifolds are Hermitian symmetric spaces, and therefore have positive Euler characteristic. Thus we compute the slice representation on these orbits, obtaining:
These all give rise to vanishing homogeneity rank actions, since they are all multiplicity free [11] . Let us remark that all of these actions on the quaternionic projective space are polar.
4.2.
The subgroups of U(n) ⊂ Sp(n). First note that the maximal compact connected subgroups of U(n) are SU(n) and those of the form Z · H where Z is the center of U(n) and H is a maximal compact connected subgroup of SU(n) (see Table 2 ). Certainly SU(n) has vanishing homogeneity rank on HP n−1 since it has the same orbits of U(n), so let us go through the remaining cases.
We start by computing the slice representation at the class of the identity in Sp(n)/Sp(1)Sp(n − 1). The stabilizer is given by the intersection of G with Sp(1)Sp(n − 1). In this way we get
Now it is immediate to see that the principal isotropy group is isomorphic to U(k −
2) × U(n − k − 2) so that the cohomogeneity is 4 and the action has vanishing homogeneity rank. [5] . In fact they consider only representations (G, V ) which are indecomposable for the semisimple part of G.
Remark 1. Observe that the slice representation we just considered is complex, indecomposable and has vanishing homogeneity rank, though it does not appear in the classification of Benson and Ratcliff

G = Z · Sp(k)
with n = 2k. Proceeding as before we determine the orbit through the class of the identity in Sp(n)/Sp(1)Sp(n − 1). Again we get an orbit with positive Euler characteristic, more precisely the Lie algebra of the isotropy is z ⊕ u(1) ⊕ sp(k − 1) and the slice representation is given by H k−1 ⊕ C , where the 1-dimensional factor z acts (non-trivially) only on C and u(1) acts by scalar multiplication on H k−1 . Thus the algebra of the principal isotropy is isomorphic to u(1) ⊕ sp(k − 2) and hrk(G, HP n−1 ) = 0.
Note that the action of the center here is essential: Once the action of Z is removed, there is a trivial module in the slice representation. Therefore Sp(k) ⊂ SU(2k) ⊂ Sp(2k) does not have hrk = 0 on HP n−1 .
G = Z · SO(n)
. First consider the totally complex orbit of U(n) ⊃ SO(n) which is CP n−1 canonically embedded in HP n−1 . This orbit in its turn contains a Lagrangian G-orbit (RP n−1 canonically embedded). Here the 1-dimensional factor of the isotropy z ⊕ o(n − 1) acts on the slice R n−1 ⊕ C 2(n−1) ⊗ C * only on the second module. From this one easily sees that g princ ≃ o(n − 4) and the cohomogeneity is therefore 5. Thus hrk(G, HP n−1 ) = −2 and the action has non-zero homogeneity rank.
4.2.4. G = Z · SU(p) ⊗ SU(q) (n = pq and p, q 2). Here G acts on
The orbit through the quaternionic line spanned by a pure element of C p ⊗ C q is the product of two complex projective spaces CP p−1 × CP q−1 and therefore has positive Euler characteristic. So we are in a position to apply the criterion deriving from Lemma 2.1. The slice representation contains the module
p 3 this module does not appear in the classification of [5] , thus the corresponding action has non-zero homogeneity rank. The case p = 2 is left to consider: If q 5 the dimensional condition (4.1) is not even satisfied, if q 6 it is easy to find directly that the principal isotropy is su(q − 4), so that the homogeneity rank is −2.
G = Z · ρ(H) with ρ irreducible representation of complex type of the simple Lie group H. If G acts with vanishing homogeneity rank on HP
n−1 then, by Proposition 2.3, it acts coisotropically on the G-invariant totally complex submanifold L = CP n−1 = U(n)/U(1) × U(n − 1) and, since Z acts trivially on L this is in turn equivalent to the fact that the representation of ρ(H) C × C * on C n is multiplicity free. Using Kac's list [11] , and taking only the representations of complex type we get the standard representation of SU(n), the representations of SU(n) on Λ 2 (C n ) with n 5 and on S 2 0 (C n ), the half-spin representation of Spin(10), the standard representation of E 6 on C 26 . We have to consider those representations of complex type satisfying the dimensional condition that in this case becomes dim H + rk H 4 deg ρ − 6. The only remaining case is the first one and has already been treated in subsection 4.2.
4.3.
The subgroups of U(k) × U(n − k) ⊂ U(n). Except the diagonal subgroup (when 2k = n), the maximal compact connected subgroups of U(k) × U(n − k) are S(U (k) × U(n − k)) and those of the form H × U(n − k) where H is a maximal compact connected subgroup of U(k). For the subgroups of this form we can apply Corollary 2.4 arguing that H must necessarily act with vanishing homogeneity rank on HP k−1 . Thus for H we have only two possibilities: either
. We can exploit the previous computations and consider the orbit CP k1−1 ⊂ CP k−1 ⊂ CP n−1 ⊂ HP n−1 ; so the slice representation is given by
Analogously to a previous case it is easy to see that the principal isotropy group is isomorphic to U(
2) × U(n − k − 2) so that the cohomogeneity is 8 and the action has homogeneity rank equal to −2.
. We can compute the slice representation at the class of the identity in Sp(n)/Sp(1)Sp(n − 1). The intersection of g with sp(1)
where one of the two 1-dimensional copies of u(1) acts on every module and the other only on the first two modules. Now it is immediate to see that the principal isotropy subalgebra is isomorphic to sp(k/2 − 2) ⊕ u(n − k − 2) so that the cohomogeneity is 5 and the action has vanishing homogeneity rank.
with n = 2k. In order to conclude that U(k) ∆ has non-zero homogeneity rank on HP n−1 it is sufficient to observe that
). Now we are going to show that the action of Z(U(n)) · Sp(k) ⊂ U(n) is minimal as vanishing homogeneity rank action. The maximal compact connected subgroups of G other than Sp(k) (that we have considered in a previous step) are of the form Z · H where H is a maximal compact connected subgroup of Sp(k).
4.4.1. H = U (k). As for this subgroup the conclusion follows immediately from the observation that Z · U(k) is contained in Z · SO(2k) which does not act with vanishing homogeneity rank on HP n−1 . Here it is sufficient to note that
H = SO(p)
whose action on HP n−1 has non-zero homogeneity rank.
4.5.
The subgroups of Z(U (k)) · Sp(r) × U(n − k) ⊂ U(n) with k = 2r. Now we prove that the vanishing homogeneity rank action of Z(U (2r)) · Sp(r) × U(n − 2r) is minimal. Since the action of Z(U (2r))·Sp(r) is minimal, by Proposition 2.3, the only subgroups we need to consider are of the form Z(U (2r)) · Sp(r) × H, where H is a maximal compact connected subgroup of U(n−2r) acting with vanishing homogeneity rank on HP n−2r−1 . There are three possibilities for H:
2 ) (when n is even),
, hence its action has non-zero homogeneity rank. The subgroup Z(U (2r)) · Sp(r) × H 2 need to be treated explicitly, finding the intersection of it with Sp(1)Sp(n − 1). In this way we get the isotropy subalgebra l = u(1) ⊕ u(1) ⊕ u(1) ⊕ sp(r − 1) ⊕ sp(n/2 − r) acting on the slice
Since the abelian subalgebra of l acts on the 1-dimensional modules, this action has vanishing homogeneity rank on each irreducible submodule, nevertheless it is easy to see that the principal isotropy is sp(r − 2) ⊕ sp(n/2 − r − 2). Therefore the cohomogeneity is 8 and hrk(Z(U (2r)) · Sp(r) × H 2 , HP n−1 ) = −2.
As for Z(U (2r)) · Sp(r) × H 3 it is sufficient to observe that it induces on the quaternionic projective space the same action of Sp(r) × U(n − 2r), which has non-zero homogeneity rank. This concludes the analysis of the subgroups of U(n) ⊂ Sp(n).
4.6.
The subgroups of G = ρ(H) with ρ irreducible representation of quaternionic type of the simple Lie group H. We have to examine only those subgroups that in case 4.1.4 give rise to vanishing homogeneity rank actions. We exclude all of them simply noting that none of the subgroups of maximal dimension satisfy the dimensional condition (4.1). The list of subgroups of maximal dimension is given in [15] and can be found also in [12] .
4.7.
The subgroups of G = SO(n) ⊗ Sp(1). Now we prove that the action of SO(n) ⊗ Sp (1) is minimal except for n = 8. A maximal compact connected subgroups of G is conjugate to one of the form H 1 ⊗ H 2 where H 1 is either a compact connected maximal subgroup of SO(n) or SO(n) itself, and H 2 is either Sp(1) or U(1). The subgroup SO(n) ⊗ U (1) is the same as Z(U(n)) · SO(n) ⊂ U(n) that we have already excluded (see case 4.2.3), so let us turn to the case H 1 ⊗ Sp(1) and look at Table 1 for maximal subgroups of SO(n).
4.7.1. H 1 = U(k) where n = 2k. It is easy to find the slice representation at the quaternionic line ℓ spanned by a pure element of R k ⊗ R 4 starting from (4.2). The stabilizer subalgebra is u(k − 1) ⊕ sp(1) acting on
where R 3 stands for the adjoint representation of o(3) ≃ sp(1). It follows immediately that the principal isotropy subalgebra is isomorphic to u(k − 4) if n 5, otherwise it is trivial. In any case the homogeneity rank is -4.
Here, in the general case, we are not allowed to skip the computation of the principal isotropy subalgebra. Nevertheless it is not hard to find that it is isomorphic to o(k − 4) ⊕ o(n − k − 4) for k, n − k 6 so that c = 13 and hrk = −8. If either k or n − k are smaller than 6, a similar argument leads to the same conclusion. The remaining low-dimensional cases can be excluded using (4.1).
4.7.3. H 1 = SO(p) ⊗ SO(q) with n = pq. The isotropy subalgebra at ℓ ∈ HP n−1 is
Let us distinguish three subcases according to the parity of p and q. If p and q are odd then the orbit through ℓ has positive Euler characteristic but the real irreducible module R p−1 ⊗ R q−1 ⊗ R 3 has negative homogeneity rank (it does not appear in the classification of [7] ). If only one among p and q is even (say p), then the orbit has no more positive Euler characteristic but, with the notations of Lemma 2.1, we have δ = 1. Thus it is sufficient to show that hrk(G ℓ , Σ) −2. Thanks to Lemma 2.2
If both p and q are even, we have δ = 2, but 
where M = M(p − 1, q − 1, H) and U is the adjoint representation of sp (1) .
Thus the action has non-zero homogeneity rank.
Obviously this module appears in the slice even when q = 1, so we get no new vanishing homogeneity rank actions.
4.7.5. H 1 = ρ(K) with ρ irreducible representation of real type of the simple Lie group K. We here use again the dimensional condition (4.1) that in this situation
Kollross in lemma 2.6 in [12] lists all the representations σ of real type of Lie groups L such that 2 dim L deg σ −2. This condition is always looser than ours. Counting the dimensions for the groups and the representations from this list, we have that only the spin representation of K = Spin(7) and the standard representations of SO(n) satisfy the condition. The latter correspond to the case treated in subsection 4.7. Let us compute hrk(Spin(7) × Sp(1), HP 7 ). As usually we consider the orbit through the quaternionic line ℓ spanned by a pure tensor of R 8 ⊗ R 4 . It turns out to be the seven-dimensional sphere Spin(7)/G 2 and the slice representation is the tensor product of the standard representation of G 2 with the adjoint representation of Sp(1). It is well known (see e.g. [7, p. 11] ) that this irreducible representation has trivial principal isotropy and from this follows that hrk(Spin(7) × Sp(1), HP 7 ) = 0. 
is HP n−1 . Therefore the action of G has homogeneity rank zero if and only if the slice representation at this quaternionic orbit has vanishing homogeneity rank. Note that the last factor of the isotropy subgroup G × Sp(1) · Sp(n − 1) acts trivially on the slice Σ [v] ≃ H N . Consider now the natural projection of
This is an equivariant fibration with fiber H. Thus arguing as in Proposition 2.3 we deduce that
and the claim follows since both the homogeneity ranks in the right hand side of the equality vanish.
As a consequence, combining the previous lemma with Proposition 2.3 we obtain the following The previous corollary avoid the analysis of those subgroups of Sp(k) × Sp(n − k) of the form H 1 × H 2 where either H 1 or H 2 equals Sp(k) or Sp(n − k). Except for the diagonal action of Sp(k) ∆ when k = n − k (which has already been excluded), it is therefore sufficient to analyse all the subgroups H 1 × H 2 , where H 1 Sp(k) acts on HP k−1 and H 2 Sp(n − k) acts on HP n−k−1 both with vanishing homogeneity rank.
The cases that we shall consider are given by all possible combinations of the following:
H 2 = U(n − k), Sp(l 1 ) × Sp(l 2 ) with l 1 + l 2 = n − k, SO(n − k) ⊗ Sp(1), Spin(7) ⊗ Sp(1), ρ(H 2 )
Where ρ(H 1 ) ⊗ σ and ρ(H 2 ) ⊗ σ are orbit equivalent to isotropy representations of a quaternionic-Kähler symmetric space, where σ is the standard representation of Sp(1). The case U(k) × U(n − k) has already been treated, the cases in which one of the factor is either Sp(k 1 ) × Sp(k 2 ) or Sp(l 1 ) × Sp(l 2 ) give rise to vanishing homogeneity rank actions thanks to Lemma 4.1. The remaining cases can be all excluded with a common argument: we treat explicitly one of them and then we explain how to generalize. Consider for example G = E 7 × Spin(11) acting on P H (H 28 ⊕ H 16 ). Let E 7 /E 6 · U(1) ⊆ HP 27 ⊆ HP 43 be the maximal totally complex orbit of G. The factor U(1) × Spin(11) of the isotropy acts on the second module of the slice C 27 ⊕ H 16 with non vanishing homogeneity rank, since it is neither the isotropy representation of a symmetric space of inner type nor it appears in the list of [7] . Observe now that all of the factors of the products H 1 × H 2 we are considering admit a totally complex orbit (see [2] ). All the cases can therefore be excluded in the same manner taking at a first step a maximal totally complex orbit for the group H 1 , and then observing that the slice representation contains a module on which the isotropy acts with non vanishing homogeneity rank.
The classification is now complete. In fact once one goes further the only possibility that can occur is the product of three factors G 1 × G 2 × G 3 where all of G i = Sp(n i ) (otherwise this case can be treated with the aid of Lemma 4.1), where each G i gives rise to vanishing homogeneity rank action on HP ni−1 . This case can be easily excluded applying Proposition 2.3 to the product of two of the factors. 
ρ(H) H simple, ρ ∈ Irr R , deg ρ = n Table 2 . Maximal subgroups of SU(n) i) SO(n) ii) Sp(m) 2m = n iii) S(U(k) × U(n − k)) 1 ≤ k ≤ n − 1 iv) SU(p) ⊗ SU(q) pq = n, p ≥ 3, q ≥ 3 v) ρ(H) H simple, ρ ∈ Irr C , deg ρ = n Table 3 . Maximal subgroups of Sp(n)
SO(p) ⊗ Sp(q) pq = n, p ≥ 3, q ≥ 1 iv) ρ(H) H simple, ρ ∈ Irr H , deg ρ = 2n
5. Appendix: Tables
